Commuting transfer matrices for linear chains of interacting non-Abelian anyons from the two-dimensional irreducible representation of the dihedral group D 3 (or, equivalently, the integer sector of the su(2) 4 spin-1 chain) are constructed using the spin-anyon correspondence to a D 3 -symmetric formulation of the XXZ Heisenberg spin chain. The spectral problem is solved using discrete inversion identities satisfied by these transfer matrices and functional Bethe ansatz methods. The resulting spectrum can be related to that of the XXZ spin-1/2
I. INTRODUCTION
There has been growing interest recently in the properties of the exotic quasi-particles arising in topologically ordered systems such as certain fractional quantum Hall states [1] or two-dimensional frustrated quantum magnets [2] [3] [4] . One-dimensional lattice models for these non-Abelian anyons have been constructed starting from a consistent set of fusion and braiding rules and the collective phases realized in many-body anyon models with pairwise interactions have been studied, mostly numerically, to identify a variety of critical phases and the conformal field theories describing their low energy properties, see e.g. [5] [6] [7] [8] . The gapless states in these phases are protected by the topological symmetry present in these chains and can be realized at interfaces between different topological phases where they provide insights into nature of the adjacent quantum liquids [9] [10] [11] .
Integrable models are known to be another important source (complementary to numerical approaches) of un-biased information on the properties of correlated many-body systems, in particular in low-dimensional systems where quantum fluctuations are strong. In fact, some of the anyonic lattice models mentioned above can be derived in the Hamiltonian limit of a class of integrable statistical lattice models with interactions round the face (also called IRF or face models), such as the restricted solid on solid (RSOS) models [12] and their generalizations [13, 14] . Motivated by this connection several integrable chains of interacting non-Abelian anyons have been constructed arXiv:1606.00793v1 [cond-mat.str-el] 2 Jun 2016 on the other side are Z 2 orbifolds of a boson compactified on a circle with radiusr = 3 r G . 1 For rational values ofr 2 these CFTs have an extended symmetry allowing for their formulation in terms of a finite number of primary fields. From the exact solution of the D 3 anyon chain the location of these special points in the phase diagram can be given in terms of the coupling constant of the microscopic model. These include the special rational CFTs corresponding to compactification radiir = p/2 with integer p = 1, 2, . . . , 9 that have been identified previously in the numerical investigation of Ref. [7] , see Fig. 1 . We note that the sequence of these field theories for arbitrary integer p is realized for the coupling constant corresponding to the dual radius,r ↔ 1/(2r).
The paper is organized as follows: first we recall some basic facts related to the integrability of the XXZ Heisenberg chain (or six-vertex model) and its formulation as a D 3 symmetric spin chain.
The D 3 group algebra can be extended to form a quasi-triangular Hopf algebra which allows to construct related chains of anyons obeying D 3 fusion rules with an integrability structure closely related to that of the XXZ model. Based on this structure we employ functional Bethe ansatz methods to solve the spectral problem of the D 3 anyon model. Using this solution we perfom a finite-size analysis of the spectrum in the critical regime to identify the field theory describing the collective behaviour of the anyons at low energies.
II. THE HEISENBERG SPIN-1/2 CHAIN
The XXZ Heisenberg Hamiltonian for spin-1/2 particles with nearest neighbor interaction on a one dimensional lattice and for periodic boundary conditions is given as
This model is closely connected to the classical integrable six-vertex model on the square lattice.
It is defined in terms of local Boltzmann weights defined for each vertex with the state variables on the links connected to it. The integrability of this model relies on the Yang-Baxter-Equation (YBE) satisfied by the vertex weights,
1 A similar relation exists for another model related to the XXZ chain, i.e. the critical Ashkin-Teller quantum chain [21] : in the continuum limit its partition function is identical to that of the orbifold model withrAT = 2 rG [22, 23] .
For the 6-vertex-model the R-matrix is
where a(u) = sinh(u + iγ), b(u) = sinh(u), and c(u) = sinh(iγ). Here u is the spectral parameter, γ parametrizes the anisotropy. For u = 0 the R-matrix becomes proportional to a permutationoperator of two sites. As a consequence of the YBE the transfer matrix
commutes for different arguments and therfore generates a family of commuting operators. Among these τ (0) ∝ e iP is proportional to the translation operator allowing to define the momentum operator in the lattice model, for periodic boundary conditions the eigenvalues of P are
Higher integrals of motion are obtained by expansion of log τ (u) around u = 0 with the XXZ Hamiltonian with J z /|J| = cos γ given as
Note that for even L the XXZ Hamiltonian H(J, J z ) is unitary equivalent to H(−J, J z ). Therefore we will consider only the case J = +1 in most of the discussion below. Furthermore, the XXZ chain has a U (1) symmetry resulting in the conservation of the total magnetization M = L/2 − S z , where S z is the z-component of the total spin. Hence the eigenstates of the transfer matrix can be assigned to different M -sectors.
The XXZ model as a D 3 spin chain
Consider the dihedral group D 3 , the group of symmetries of a triangle generated by rotation σ and reflection τ : D 3 = {σ, τ |σ 3 = τ 2 = 1} [19] . This group has two one-dimensional irreducible represnetations (irreps) (π ± , V ± ) and one two-dimensional irrep (π 2 , V 2 ). To formulate the XXZ model as a D 3 -chain we identify the states spanning the representation spaces V α with the states
Now both the nearest neighbour XXZ Hamiltonian (2.1) and the R-matrix (2.3) of the six-vertex model can be represented in terms of the projection operators P (2,±) onto the corresponding twospin states:
Note that the periodic closure is compatible with this construction, therefore the XXZ Hamiltonian is D 3 -symmetric.
III. THE INTEGRABLE D 3 ANYON CHAIN
A. Anyon chain from braided fusion categories
Mathematically, anyonic theories can be represented by braided tensor categories. An anyon model consists of a collection of conserved topological objects ψ a obeying a commutative fusion algebra
with non-negative integers N c ab (we assume that the tensor category is multiplicity free which corresponds to N c ab ∈ {0, 1}). Fusion can be represented graphically
implying that ψ c appears in the fusion of ψ a and ψ b , i.e. N c ab = 1. Associativity of the algebra allows for a reordering of the fusion of multiple anyons governed by so-called F -moves (the analog of 6-j symbols)
Here, we consider the fusion algebra obeyed by the finite-dimensional irreps (or anyons) of D 3 [19] . With (π + , V + ) being the unique 'vacuum' the remaining non-trivial fusion rules are Below we shall identify representations spaces with the anyonic charges labelled 2, ±, respectively.
The D 3 anyon model is constructed from L copies of the two-dimensional anyon with charge 2 (which is, in fact, identical to the integer sector of the su(2) 4 spin-1 anyon chain considered in
Refs. [7, 17, 18] ).
Based on the fusion rules we can construct the fusion path basis of the anyonic Hilbert space: the states |a ≡ |a 0 a 1 a 2 . . . a L correspond to a sequence of anyonic charges subject to the constraint a i+1 appears in a i ⊗ 2. It is convenient to represent these graphically as
The vertices in this diagram represent the fusion of two incoming anyons (top and left) resulting in the outgoing anyon (right). The fusion rules lead to a local condition on the possible neighbouring labels a i a i+1 ∈ {+2, −2, 2+, 2−, 22} (3.4) which is conveniently presented in the form of a graph with an adjacency matrix
for the present case, such that allowed pairs of labels correspond to adjacent nodes, see Fig. 2 .
This constraint together with periodic boundary conditions a 0 = a L yields the total dimension of the Hilbert space of the L-site
Nearest neighbour D 3 -symmetric interactions can be expressed in terms of two-site projection operators on the different topological charges. They can be expressed in terms of the F -moves (3.2) and their inversesF as
Note that an operator coupling anyons on neighbouring sites i and i + 1 acts on three neighbouring labels, i.e. O i,i+1 =Õ a i−1 a i a i+1 in the fusion path basis. Only the anyon label on site i may change under its action though.
B. Spin-anyon correspondence
Based on these projection operators we can construct an anyonic quantum chain by exploiting the correspondence in terms of the D 3 description [19] . As in (2.7) we can define an R-matrix
The matrix elements ofR(u) are the Boltzmann weights W of a two-dimensional statistical model with interactions round the face (IRF)
The non-zero ones are
They satisfy the (face) Yang-Baxter equation
Additional properties are of the Boltzmann weights are unitarity
with ρ(u) = sinh(u + iγ), and a generalized crossing symmetry
where we have defined a gauge transformation G 13) and the mapping a →ā ≡ f (a) with f (±) = ∓, f (2) = 2.
The initial conditions satisfied by the Boltzmann weights at the special points u = 0, −iγ are
As a consequence of the Yang-Baxter equation (3.10) the transfer matrix (for periodic boundary
commutes for different arguments and therefore generates a family of commuting operators on the Hilbert space of the D 3 anyon chain. The initial conditions (3.14) imply that among these the momentum operator is obtained from the generator of translations as
The Hamiltonian with local interactions is the logarithmic derivative of the transfer matrix at u = 0. In terms of the D 3 projection operators in the anyon basis it reads (up to a constant)
where we have set J = +1 and J z = cos γ. The case J = −1 will be discussed below in the context of the low energy effective theory.
C. Symmetries
From the Boltzmann weights (3.9) it follows immediately that the face model has a Z 2 -symmetry generated by the mapping a →ā on each sitê
(for even L there are, in fact, two such symmetries related to the restriction of these parity operations on either of the two sublattices).
In addition, the spectrum of the anyon chain can be decomposed into sectors with different topological charge Y (related to the flux through a ring of anyons [7, 9] )
where x i ∈ {±, 2} and |x ( x|) is a (dual) vector from the anyonic fusion path basis. The F -moves can be related to the Boltzmann weights of the isotropic (γ = 0) anyon model through 2
For periodic boundary conditions the gauge factors cancel which implies that the topological charge can be obtained from the transfer matrix in the limit of infinite spectral parameter as
Therefore Y is part of the hierarchy of commuting integrals, i.e. [τ γ=0 (u), Y ] = 0. The eigenvalues of the topological charge (which, according to (3.21) , determine the asymptotic behaviour of the eigenvalues ofτ γ=0 ) take values from the spectrum of the adjacency matrix (3.5) of the anyon model [24, 25] . For the D 3 anyon model the eigenvalues of Y are 2, −1, and 0. The dimension of the corresponding eigenspaces is
For γ = 0 the topological charge is not easily obtained from the corresponding transfer matrix of the anyon model. It is easily checked, however, that the Boltzmann weights (3.9) together with W γ=0 (u) satisfy the following equations Calculation of the transfer matrix eigenvalues for small L we find their large-u asymptotics in the different topological sectors to be 
also commutes for different spectral parameters, [τ (u|{y k }),τ (v|{y k })] = 0. Consider the following product of these transfer matrices:
where the summation is over the possible anyon labels {c j } L j=1 on the inner nodes. Choosing the spectral parameter u to take the value y k from the set of inhomogeneities we can use the initial condition (3.14) of the Boltzmann weights together with crossing and unitarity (3.12), (3.11) to
with ∆ k = y k − y . Iterating this operation we obtain the following set of discrete inversion identities satisfied by the transfer matrix
Periodic boundary conditions imply
Therefore only L − 1 of the identities (4.4) are independent.
As a consequence of the commutativity of the transfer matrices and the parity operatorσ, the eigenvalues ofτ (u|{y k }) satisfy similar identities, i.e. or (4.6) together with information on the analytical properties of the transfer matrix allow to compute its eigenvalues: By construction they are Fourier polynomials in e 2u of degree ≤ L/2.
The coefficients of the leading terms e ±Lu are determined by the topological charge according to (3.25) . The remaining L − 1 coefficients can be computed by solving the quadratic equations (4.6).
For an efficient calculation of transfer matrix eigenvalues for large systems the inversion identities are not suitable. Note, however, that for a generic choice of inhomogeneities, i.e. y k − y = 0, ±iγ for k = they are formally equivalent to a T Q-type equation
restricted to the discrete set of points u ∈ {y k , y k − iγ} provided that the functions ∆ ± factorize the right hand side of (4.6) as
and satisfy ∆ + (y k − iγ) = ∆ − (y k ) = 0. In the present case these conditions are met by the choice
provided that ω + ω − = 1 (−1) in the topological sectors Y = 2, −1 (Y = 0).
T Q-equations such as (4.7) which are valid for arbitrary u ∈ C are obtained in the Bethe ansatz formulations of the spectral problem of integrable systems such as the six-vertex model [28] .
Provided that they allow for a sufficiently simple (e.g. polynomial) ansatz for the functions q(u) they can be solved using the Bethe equations for the finitely many zeroes of these functions.
Sectors Y = 2, −1
We take the Fourier polynomial Analyticity of
implies that the parameters u k have to satisfy the Bethe equations has to match (3.25) . This implies ω ± = ±1 and M = L. As before, requiring analyticity of the transfer matrix eigenvalues
leads to the Bethe equations determining the parameters u k in the q-function (4.15) for the topo-
The eigenvalues (4.17) coincide with those of the XXZ spin-1/2 chain with antiperiodic boundary conditions [29, 30] ,
V. GROUND STATE AND LOW LYING EXCITATIONS
To find the spectrum of the anyon chain the Bethe equations (4.13), (4.18) have to be solved for the different topological sectors. From Eqs. (4.12) and (4.17) the eigenvalues of the Hamiltonian (3.17) corresponding to a set {u k } of Bethe roots are
The thermodynamic properties of the system do not depend on the boundary conditions. Since we have identified the spectrum of the D 3 anyon chain with that of the XXZ Heisenberg spin chain with boundary conditions depending on the topological sector the structure of the phase diagram as well as certain bulk properties can be infered from the corresponding properties of the XXZ chain. For J z /|J| < −1 (≥ +1) the latter is a gapped ferromagnet (antferromagnet). The simple fusion path states in the M = 0 sectors for topological charge Y = 2, −1 discussed above form the ground states of the anyon model in the former interval and lead to the Z 3 -sublattice structure in this phase observed in Ref. [7] . Similarly, the ground state for J z /|J| ≥ 1 is in the M = L/2 sector implying a Z 2 -sublattice structure as in the antiferromagnetic XXZ chain.
For −1 < J z /|J| ≤ 1 (or 0 ≤ γ < π in the present notation) the XXZ model is in its critical regime and known to be conformally invariant. This observation confirms the conclusion on the location of the phase boundaries reached from the numerical analysis of the anyon chain in Ref. [7] .
The ground state of the spin chain in the critical phase is in the zero magnetization sector M = L/2.
The energy density has been obtained within the root density formalism applied to the Bethe equations of the XXZ spin-1/2 chain (with J = +1) yielding [31]
The elementary excitations have a linear dispersion with Fermi velocity
In the spectrum of the D 3 anyon chain with −1 < J z ≤ 1 (and J = +1) these massless excitations are realized near momenta k π/2, k = 0, 1, 2, 3. This is the Z 4 critical region identified in Ref. [7] .
Similar to the spin chain the spectrum of the anyon Hamiltonian is invariant under the change The low energy excitations of the periodic spin chain (2.1) for −1 < J z /|J| ≤ 1 are described by a conformal field theory with central charge c = 1 [32, 33] . The operator content of this CFT can be identified from the finite size scaling of the energies of the ground state and excitations through [34] [35] [36] 
Here (h,h) are the conformal weights of primary operators of the CFT, R hh (L) subsumes the subleading corrections to scaling of the corresponding energy level from which the irrelevant perturbations of the conformal fixed point Hamiltonian present in the lattice model can be identified.
For periodic boundary conditions the low energy spectrum of the XXZ chain is that of a Gaussian model, i.e. a free boson with compactification radius r = r G (γ) = (π − γ)/(2π) ∈ (0, 1/ √ 2] for exchange constants (J, J z ) = (±1, cos γ) in (2.1) [37] . The scaling dimensions of the primary operators, highest weights of two commuting U (1) Kac-Moody algebras, are
The quantum number m is the U (1) charge 1 2 σ z j in the corresponding state, the vorticity n is related to its momentum. For twisted boundary conditions with a diagonal unimodular twist matrix in (4.19) parametrized by an angle φ the scaling dimensions (5.6) are modified to X m,n+φ/π .
In addition there exists a marginal operator in the sector m = 0 with anomalous dimension X = 2 for all γ. Its presence results in the continuous line 0 ≤ γ < π of critical points. The partition function of the theory satisfies the duality condition Z(r) = Z(1/2r) as a consequence of the invariance of the spectrum (5.6) under the simultaneous interchanges m ↔ n and r ↔ 1/2r.
In the case of the anti-diagonal twisted boundary conditions (4.19) the O(2) bulk symmetry of the XXZ spin chain is broken up to a Z 2 ⊗ Z 2 with the factors being generated by rotation around the z-axis by π and a global spin flip, respectively. The low-energy spectrum is that of a U (1)-twisted KacMoody algebra without conserved charge. In this case the conformal weights are [38] (h,h)
independent of the anisotropy. The primary fields in the Z 2 orbifold CFT are
• the identity corresponding to the ground state, with conformal weights h 0 =h 0 = 0,
• the Z 2 twist fields σ i and τ i , i = 1, 2, with scaling dimensions h σ +h σ = 1/8 and h τ +h τ = 9/8,
• a field Θ with scaling dimension 2, and, in addition, the primariesφ mn with scaling dimensions X mn (r) given by (5.6).
For rational values ofr 2 these CFTs have extended symmetries allowing for a description in terms of a finite number of primary fields (admissible highest weight representations with respect to the extended symmetry algebra). For the Z 2 orbifold theories with c = 1 and compactification radiir(γ) = p/2 (or 1/ √ 2p by duality) with p integer these are the identity, the twist fields, the marginal field Θ and, in addition, two degenerate fields Φ 1,2 with conformal weight h Φ = p/4, and p − 1 fields φ λ with conformal weight h λ = λ 2 /(4p) for λ = 1, 2, . . . , p − 1.
From (5.9) these rational CFTs with p = 1, . . . , 9 are realized for coupling constants Estimates for the location of the points p = 1, . . . , 8 in the critical region have been given in Ref. [7] based on the numerical analysis of the finite size spectrum of the su(2) 4 spin-1 anyon chain.
In their discussion of the phase diagram the authors of that paper have also linked the transition from the critical regime into the gapped phase with Z 2 sublattice symmetry with the appearance of a marginal operator with zero momentum in the topological sector Y = 2 of the ground state for p = 9: in fact, it is well known from the analysis of the subleading corrections to scaling R hh (L) in (5.5) for the XXZ spin chain that its continuum limit differs from the conformally invariant fixed point Hamiltonian by terms involving an operator from the conformal block of the identity with scaling dimension X = 4 and the primary operator with dimension X = 2π/(π − γ) [30, 37] . In the Z 2 orbifold CFT with compactification radiusr for the anyon chain this isφ 0,6 (φ λ=6 at the rational pointsr = p/2 for p > 6). This operator has scaling dimension X λ=6 = h λ=6 +h λ=6 = 36/(2p), hence marginal for p = 9. The p = 9 rational orbifold CFT appears at coupling constant γ = 0 or J z = |J| in our parametrization of the anyon chain -in the related spin-1/2 XXZ Heisenberg chain this is the location of the transition between the antiferromagnetic critical (disordered) and massive regimes.
Finally we note that, by duality of the orbifold theory, the full sequence of rational CFTs with
any integer p appears at compactification radii 1/ √ 2p or coupling constants γ(p) = π 1 − 1 9p , p = 1, 2, 3, . . . , (5.11)
see Fig. 1 . These points accumulate near γ = π, where the first order transition into the gapped phase with Z 3 sublattice structure takes place. The identification of the orbifold CFTs at these couplings by numerical studies, however, is difficult as a consequence of the diverging density of low energy states in this regime.
